We consider the large time behavior of solutions for a hyperbolic relaxation system. For a certain class of initial data the solution is shown to converge to relaxation rarefaction pro les at a determined asymptotic rate. The result is established without the smallness conditions of the wave strength and the initial disturbances.
Introduction
Our main point of interest is the large time behavior of solutions developed by relaxation dynamics starting with a certain class of initial data.
We consider a hyperbolic relaxation system of the form u t + v x = 0; v t + au x = f(u) ? v; (1.1) where u; v are scalars, the constant a > 0 is assumed to be large enough, so that it dominates a priori the velocities f 0 (u). We assume that f is convex, i.e., f 00 (u) ; for u 2 IR:
Now, let us de ne a set of the equilibrium states of (1. We assume the well known sub-characteristic condition ? p a < f 0 (u) < p a for u in question and de ne for 2 c; d] = sup jf 0 ( )j= p a < 1:
(1.
3)
The system (1.1) is an example of a class of relaxation systems proposed by Jin and Xin 3] . The formulation of the subcharacteristic condition in this way is to ensure the global existence of the solution (u; v), as well as the L 1 contraction property, see Natalini 10 ] as well as Serre 5] . The purpose of this paper is to show the large time behavior of solutions and measure the decay rate to the large time wave pro les. The asymptotic behavior as t ! 1 of the solutions to (1.1)-(1.2) is clearly related to that of the Riemann problem for the equilibrium conservation law: r t + f(r) x = 0; (x; t) 2 IR IR + ; (1.4) r(x; 0) = u ; for x > 0:
Its entropy solution r(x; t) is called the rarefaction wave, which is given explicitly as r(x; t) = 8 > < > : 
The complementary situation, when u ? > u + , and (1.1), (1.2) admit traveling wave solutions was treated in Mascia and Natalini 9] . It was shown there that these traveling wave solutions attract in L 1 a large class of initial data. For L 2 stability of relaxation shock pro les see 7] if the equilibrium equation of (1.1) is a general n n hyperbolic conservation laws. The L p stability of di usion waves for a class of 2 2 hyperbolic relaxation systems introduced by Liu 6] was rst studied by Chern 1] by using the energy method combined with the Fourier analysis. Recently Liu and Natalini 4] employed a parabolic scaling argument to establish the L p global stability of di usion waves of the relaxation system (1.1).
The rst results on nonlinear stability of rarefaction waves, as well as the traveling waves, for hyperbolic relaxation problem were obtained by Liu 6] . The convergence towards the planar rarefaction wave for 2-D Jin-Xin's model was shown by Luo 8] .
All by use of the elegant energy method but no decay rates. Consult 11] for a survey on the stability of elementary waves for various relaxation models. In the case of viscous conservation laws, the convergence towards the rerefaction waves has been studied by many authors, see e.g. 2], 12], 14], 16], 17] and references therein. The decay rate stated in Theorem 1.1 is close to the decay rate for viscous case 2], but our initial data here are not necessarily restricted within a box framed by ?(u ). This seems remarkable as relaxation mechanism is known to possess less smoothing e ect than viscosity.
Our work uses the L 1 -contraction and the time-weighted L 2 energy approach. Such approach allows for decay rate estimates, and has been useful in the viscous conservation laws, see, e.g. 12], 17]. Compared to the traveling shock wave, the rarefaction wave is time-varying. One does not know what the exact large time wave pro le is when trying to prove it stable. The rarefaction stability results depend strongly on how well you de ne the approximate pro le, see 14] . In this note we introduce a so called relaxation rarefaction pro le. Such pro le is shown to behave like the usual rarefaction wave for the equilibrium conservation laws, and is a L p (p > 1) attractor for a large class of initial data in L 1 + L 1 \ H 1 . This paper is organized as follows. In Section 2, we show the properties of relaxation rarefaction pro le stated in Theorem 1.1. In Section 3, we rst reformulate the problem, then we establish the L p estimates for the reformulated problem. By using the known L 1 estimate, we prove the L p convergence rate of the solution to the relaxation rarefaction pro le. In nal section, we discuss the L p convergence rate of relaxation rarefaction pro le towards the rarefaction wave (1.5).
2 Relaxation rarefaction pro les Then the relaxation rarefaction wave respects the property stated in Theorem 1.1. Now we proceed to prove Theorem 1.1 as follows.
Proof. First we regularize the initial data ?(r(x; t 0 )) by a molli er ! to obtain ( u ; v )(x; 0) = ?(r( ; t 0 ) ! ):
By the regularity theory for the semilinear hyperbolic systems the solution f u ; v g is smooth. We establish the estimate (1.6) for u and then psss to the limit. To simplify the presentation, we skip over this standard regularization procedure.
Setting R = u x v x = p a, then one gets from di erentiating the equation ( 
This combined with the assumption ( 0 ; 0 ) 2 B in (
(3.5)
Equipped with this estimate we proceed to obtain the L 2 estimate.
L 2 estimate
To get the decay rate in L 2 , we proceed to establish the energy estimate. 
for some C > 0 depending on the norm k( 0 ; 0 )k B .
Proof. Multiplying (3.6) by (1 + t) , where > 1=2, and integrating the result on 0; t], we obtain The rst term on the right is bounded by C A ?1 (t) and the second is treated by using the Gagliardo-Nirenberg inequality
Therefore using H older inequality
We then obtain A (t) C B 1 + A ?1 (t) + (1 + t) It su ces to consider = n 2 IN, since, with = n + , for some 0 < < 1
In fact (3.12) is true for n = 1 since by (3.8), (3.9) and (3. Assume that n = k, A k (t) C B (1 + t) 
The use of this estimate and the L 1 estimate in (3.
Now we estimate . Since
by L 1 estimate in (3.5) for , we have
4 Concluding remark Now we discuss the L p derivation of relaxation rarefaction pro le away from the rarefaction wave given in (1.5).
Let r(x; t) be the rarefaction wave given in (1.5) and ( u; v) be the relaxation rarefaction pro le with initial data ?(r(x; t 0 )) for t 0 > . Put N(t) := k u( ; t) ? r(x; t + t 0 )k L 1; t 0:
The corresponding L p estimate is immediate. (4.2) which is consistent with the result for viscous case obtained in 2]. My attempts at obtaining the estimate (4.1) have not been successful.
